RN.BASE 


The Association 
of ‘ 
Engineering and Shipbuilding 
Draughtsmen. ! 


THE DESIGN OF FLAT PLATES. 


By €. C. POUNDER. 
First Edition published 1919-20. 
Second ,, *” 1924-25. 
Third =, dB 1939-40. 


In the present Edition the text has been revised. 


Published by The Association of Engineering and Shipbuilding Draughtsmen,. 
96 St. George's Square, London, S.W.1. 


SESSION 1949-50. 


Printed bY Miya, Tannamut & Mrrnven, Lro. (T.U.), 12-16 Mill Street, Perth. 


ADVICE TO INTENDING AUTHORS OF 
A.E.S.D. PRINTED PAMPHLETS. 


Pamphlets submitted to the National Technical Sub-Committee for 
sonsideration with a view to publication in this series should not exceed 
9,000 to 10,000 words and about 20 illustrations, making a pamphlet of 
‘about 40 to 48 pages. The aim should-be the presentation of the subject 
clearly and concisely, avoiding digressions and redundance. Manuscripts 
are to be written in the third person. 


Drawings for illustrations should be done either on a good plain white 
paper or tracing cloth, deep black Indian ink being used. For ordinary 
purposes they should be made about one-and-a-half times the intended 
finished size, and it should be arranged that wherever possible these shall 
not be greater than a single full page of the pamphlet, as folded pages are 
objectionable, although, upon occasion, unavoidable. | Where drawings 
are made larger, involving a greater reduction, the lines should be made 
slightly heavier and the printing rather larger than normal, as the greater 
reduction tends to make the lines appear faint and the printing excessively 
small in the reproduction. In the case of charts or curves set out on squared 
paper, either all the squares should be inked in, or the chart or curve should 
be retraced and the requisite squares inked in. Figures should be as self- 


¢vident as possible. Data should be presented in graphical form. Extensive 


tabular matter, if unavoidable, should be made into appendices. 


Authors of pamphlets are requested to adhere to the standard symbols 
of the British Standards Institution, where lists of such standard symbols 
have been issued, as in the case of the electrical and other industries, and 
also to the British Standard Engineering Symbols and Abbreviations, No. 560, 
published by the B.S.I. in 1934 at 5/-. “Attention might also be given to 
mathematical notation, where alternative methods exist, to ensure the 
minimum trouble in setting up by the printer. 


The value of the pamphlet will be enhanced by stating where further 
information on the subject can be obtained. This should be given in the 
form of footnotes or a bibliography, including the name and initials of the 
author, title, publisher, and year of publication, When periodicals are 
teferred to, volume and page also should be given. References should be 
checked carefully. 


Manuscripts, in the first instance, should be submitted to the Editor, 
The Draughtsman, 96 St. George's Square, London, S.W.1. 


For pamphlets, a grant of £20 will be made to the author, but special 
consideration will be given in the case of much larger pamphlets which may 
involve more than the usual amount of preparation. 


The Publishers accept no responsibility for the formulae or opinions 
expressed in theiy Technical Publications. 


“« 


The Association 


Engineering aa Shipbuilding 
Draughtsmen. 
THE DESIGN OF FLAT PLATES. 


By C.-C. POUNDER. 


First Edition published 1919-20. 
Second ,, 1924-25. 
Third ,, 4 1939-40. 


In the present Edition the text has been revised. 


Published by The Association of Engineering and Shipbuilding Draughtsmen, 
96 St. George's Square, London, S.W.1. 


SESSION 1949-50. 


4/50 


PREFACE. 


Mr. C. C. Pounper is the chief technical engineer of Harland & 
Wolff, Ltd., Belfast. He is a Vice-President of the Institute of 
Marine Engineers ; a member of the Executive Board of the British 
Shipbuilding Research Association; a member of the Institution 
of Civil Engineers, of the Institution of Mechanical Engineers, the 
North-East Coast Institution of Engineers and Shipbuilders, and 
so on. He is a life-member of the Société des Ingéniewrs Civils de 
France, the premier engineering institution on the Continent; a 
Liveryman of the Worshipful Company of Shipwrights and a 
Freeman of the City of London. 


His contributions to the proceedings of the learned institutions 
have been many. He holds the two premier awards of the Institute 
of Marine Engineers, i.e., the Denny Gold Medal and the Ackroyd 
Stuart Award; the Gold Medal of the N.E.C. Institution and the 
Derby Medal of the Liverpool Engineering Society. He was 
chosen to give the fifteenth Thomas Lowe Gray lecture of the 
Institution of Mechanical Engineers. Recently the same Institu- 
tion awarded him the Herbert Ackroyd Stuart Prize, and also, in 
recognition of his contribution to engineering science by way of 
design and investigation, the Clayton Prize. The latter is the 
most notable prize in the gift of the Institution and the most 
valuable award bestowed by any engineering institution in Europe. 


Best known to drawing office workers are his text-books :— 
Machinery and Pipe Arrangement on Shipboard, and Oil Burning 
Installations. Older men may remember him as a fortnightly 
contributor to the Mechanical World for over fifteen years. 


Mr. Pounder was a foundation member of the Belfast branch 
of the Association and remained a member for some years. During 
this period he gave freely of time and talent to the work of the 
Association. Thus: he was a lecturer in the first series of winter 
addresses given in Belfast; later, in 1919, he was requested to 
write a pamphlet on Flat Plates, for the first series of national 
papers to be published. Other pamphlets were : The Strength 
of Dished Ends ; Crankshaft Design ; and the Balancing of Engines. 
In those days he contributed frequently to The Draughtsman. 
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THE DESIGN OF FLAT PLATES. 
By C. C. Pounper. 


Very early in his career the author was brought face-to-face with 
the difficulties which surrounded the design of ribbed and unribbed 
flat surfaces. After a comprehensive study of the available work 
of experimenters and elasticians, circumstances drove him to the 
formulation of a rational system of calculation and design which 
could be relied upon to produce safe, economical and consistent 
results, especially for the more distinctive forms of flat plate. His 
opinions were given embodiment, almost thirty-five years ago, in 
three series of articles written for the Mechanical World, Mr. C. N. 
Pickworth then being the editor of the paper. Out of those articles 
came the first edition of the present paper in 1919. 

Flat plates may be divided into two general groups, viz., those 
which are simply supported at their perimeters—of which the 
bolted plate or cover is the nearest approximation in practice— 
and those having their edges rigidly fixed or built-in, #.c., encastré. 
Each group contains a variety of possible forms. Sometimes a 
simple plate of uniform thickness is sufficient for a particular 
purpose. Sometimes it is necessary to employ ribbing. In large 
plates exposed to high pressures a double thickness of plating may 
be desirable, the plates being kept the required distance apart by 
connecting ribs. 

The fundamental differential equation for the contour of a 
deflected plate and the expression for the necessary boundary 
conditions were established over a century ago. Strictly, the 
assumptions made in the theory limit the solutions to thin plates 
having very small deflections. The results of the theory, however, 
can be applied with reasonableness to practical designs which are 
not so thin. Complete solutions have been obtained for: (a) 
circular plates, either supported or fixed at the perimeter, with 
any distribution of concentric loads; (b) elliptical plates fixed at 
the perimeter and exposed to either a constant or a uniformly 
varying pressure. 

A rigid solution for the rectangular plate has not yet been deter- 
mined. The difficulty arises from the absence of a solution to 
the equation which fulfils the boundary conditions. Until this 
difficulty is overcome rational and approximate treatment will 
have to serve. With such rational treatment the present paper 
is chiefly occupied. 

The more important types of flat plate are now presented for 
detailed consideration. 
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1.—Simple Encastré Rectangular Plate. Grashof’s Rule. 


The expression which is universally quoted for the strength 
of rectangular encastré plates of uniform thickness, is that of 
Dr. F. Grashof, given at page 268 of Die Festigkeitslehre, 1866, 
and at page 367 of Theorie der Elasticitat und Festigkeit, 1878. 


Grashof’s expression, in present-day symbols, is :— 


feix (QS) «Fx? . (1) 


+4 b4 P 
maximum stress in Ib. sq. in. 
length of plate in inches. 
breadth of plate in inches. 
thickness of plate in inches. 
pressure on plate in Ib. sq. in. 


where 


NS, 
topou ad 


Grashof’s formula has hitherto been accepted as being approxi- 
mately correct. The degree of approximation is not constant for 
all proportions of plate, but varies with the ratio of length to 
breadth. The experiments of Dr. Carl Bach showed the maximum 
stress for a square plate to be 28 per cent. higher than that given 
by Grashof’s rule, and in Dr. Crawford’s experimental work the 
stress appeared to be about 16 per cent. higher. Dr. Crawford, 
soon after he had completed his experimental work, told the author 
that he had not attempted to account for the discrepancy, but 
that he had simply recorded his experimental results and had 
compared them with the existing rule. He recommended an 
addition of 25 per cent. to Grashof’s rule for square plates. A 
consideration of how Grashof’s expression was obtained is useful 
at this point. 


Fig. 1 shows a rectangular plate rigidly held at its edges. 
Suppose narrow strips are taken across the plate in a direction 
parallel to the short edge. These strips take the whole of the load 
on the plate. One strip AB is shown, in black, across the middle— 
the region of greatest stress intensity. Assume, for a moment, 
that this strip is independent of all other strips. As such it is a 
uniformly loaded beam, whose extremities are rigidly held. In 
reality, however, the strip is not isolated ; it receives support in 
a transverse direction from the short ends of the plate, as do all 
the strips parallel to AB. 


To allow for this transverse assistance, imagine the plate to 
be further divided into strips taken parallel to the long side of 
the plate, i.e., perpendicular to the strip AB. These long strips 
do not take any load, but simply transmit the influence of the 
constrained edges wz and vw to the strip AB. One of the long 
strips is indicated at CD. 


THE DESIGN OF FLAT PLATES 7 


Now consider, simultaneously, the two strips AB and CD, 
whose point of intersection and union is at d, the centre of the plate. 
Suppose the plate is exposed to a pressure of / Ib. sq. in. Then 
strip AB carries, at first, p lb. sq. in. ; CD is not loaded externally ; 
but, when AB deflects under its load, CD is compelled to deflect 
also. This forcible deflection of CD means, in effect, the trans- 
ference of a portion of load from AB to CD. Hence, when AB is 
exposed to pressure and deflects, deflecting CD in turn, the state 
of affairs becomes the same as if AB were an isolated strip loaded 
with a pressure less than , and CD were another isolated strip 
loaded with a different pressure, the pressure on AB being such a 
fraction of p as to induce a maximum skin stress in AB of the same 
intensity as actually exists in the plate. 


Let this equivalent pressure on AB be 4, |b. sq. in. and call 
the load which must be thrown on to the middle of CD #, lb. sq. 
in., where pp =(P—P,). Let po be assumed to be constant for the 
whole length of strip CD. 


The maximum deflection of AB =/,b*/384 EI due to pressure Aj. 


e P » 4 CD=f,H/384 EI on Pe 
But the maximum deflection of AB =maximum deflection of CD, 
. pb" pol* pi i 
tees = = . But p= 2 
fe Geom ~geaam 4, 7 PR 
pi pi A 


= = = the fraction of the total pres- 

bit, B+ os . 
sure which AB, as an isolated strip, may be considered to take to 
give the same maximum deflection, and therefore the same stress, 
as exists in the plate. The pressure p, is assumed constant for the 
whole length of strip AB. 


The maximum skin stress in strip AB—having length 0 and load 
py—is p,07/2# Ib. sq. in. from the ordinary beam formulae, this stress 
occurring at the ends of the strip, z.e., at the fixing. Substituting 


p ( Ls ) for py 


4 + 68 
the maximum skin stress in AB 
4 ob? 
= a 2) 
p Fe + ® * “oP @) 


This must also be the maximum skin stress in the plate (so the 
method assumes). Or, writing the formula in the usual way, 
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LLL, 


PRESSURE TO SOME SCALE 
; DEFL. TO ANOTHER scaLe ! 


A Fic.3 ——'BB 


THE DESIGN OF FLAT PLATES 9 


Maximum skin stress in plate 


2 


Ba 2 
=4 ' ¥, a) x 2 x p Ib. sq. in. (3) 


This is the Grashof rule for an encastré rectangular plate of uniform 
thickness. : 


The erroneous assumption will now be appreciated; it is 
embodied in the two italicised sentences. The pressure taken by 
the equivalent isolated strip AB cannot be uniform to give a true 
value for the maximum stress in the plate ; it must increase from 
, in the middle of the strip to the undiminished pressure p at the 
ends. If further proof be needed it can be had by referring to 
Fig. 1. Strip FG does not deflect as much as strip CD, and, there- 
fore, does not carry as much load, because the maximum deflection 
of a beam is directly proportional to the load it sustains. Hence 
at the intersection of FG with AB the pressure on the equivalent 
isolated strip AB is greater than #,, the pressure at the centre. At 
HK the deflection is even less, and, therefore, the load taken by 
HK is less than at FG, or the load thrown on to AB is in excess cf 
that at FG. At wv the deflection of the long strip is zero; there- 
fore, the pressure taken by the long strip is zero ; that is, the pressure 
on AB at the extremity A is the undiminished amount ~. In 
Fig. 2, which is approximately to scale for a plate about square, 
the shaded portion shows the load which Grashof’s expression 
assumes to act on the equivalent strip AB; the unshaded portion 
is the amount it ignores. 


Maximum deflection, at centre of plate, to agree with the foregoing, 


ih bt i bt 
= x B in, = 4 p (3a) 
i +t 384EI B+ bt 32 Es& 
A rational formula must take into account the unshaded part 
of Fig. 2. An endeavour to do this is made below. 


I1.—Simple Encastré Rectangular Plate. A More Accurate 
Expression. 


Return to Fig. 1. As previously, the plate is assumed to be 
divided into elemental strips respectively taken parallel to the 
short sides and the long sides, the former being assumed to sustain 
the whole of the external pressure on the plate, the latter to relieve 
the short strips of some of the load when the plate begins to deflect. 
One short strip is taken in conjunction with all the long ones, and 
all the strips are of infinitesimal width. The maximum stress in 
the plate occurs at the edge, in the middle of the long sides, 7.e., at 


the extremities of strip AB. 
B 
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The amount of load borne by the long strips, e.g., CD, FG, 
HK, etc., depends on the amount of their maximum deflection ; 
this, in turn, depends on the amount of the deflection of AB at 
the point of intersection. At the centre of the plate, AB carries 


4 
J4 + 54 
pressure p at the extremities A and B; CD carries a load of p 


a load of p ( ib. sq. in. which increases to the undiminished 


4 
( ri 5) Ib. sq. in. at the centre, which also increases to at the 
extremities C and D. By. deducting the correct amount taken 
from it by each long strip, AB becomes equivalent to an isolated 
beam carrying a load which varies in such a manner and has such 
a magnitude that the maximum skin stress induced in AB is the 
same as is actually set up in the plate. The computation of this 
stress is best achieved by proceeding in a series of well-defined 
steps. Refer to Figs. 3 and 4. 


Let the uniform pressure of Ib. sq. in. be applied to the plate, 
and, therefore, to AB. 


First Steb.—AB is deflected. The normal deflection curve 
would follow the law y = px? (b—x)?/24 EI, where E = modulus 
of elasticity in Ib. sq. in., I = moment of inertia of AB about the 
neutral axis in inch units, y=deflection of AB in inches at any 
point distant x inches from one end. See Fig. 3, where the deflec- 
tions are exaggerated. 


But AB does not deflect normally, for, in beginning to deflect, 
it causes the long strips to deflect, and passes on to them a portion 
of its load. At the centre of AB, as previously stated, the load 
actually left to it is kb, where k =/4/(14+64). The deflection caused 
by a constant load kp would be given by y =kpx? (b—x)?/24 EI, as 
shown in full lines in Fig. 3. But the load on AB is not constant ; 
it increases from kp to , and the manner in which it varies is shown, 
for present purposes, by the deflection curve aea,, for the load taken 
by the long strips at their intersection with AB is everywhere 
proportional to the amount of deflection. The deflection curve 
shows deflections above it to some scale, and loads below it to 
another scale. Thus, y is a deflection and h, a load. From the 
foregoing it will be seen that the load on strip AB is that enclosed 
by aea,o,0 in Fig. 3. | Instead of considering this area as one 
undivided load, let it be divided into its two component parts— 
(i) a constant load of kp and (ii) a varying load h,, whose magnitude 
at the centre is zero and at the ends is # (1—k), and which varies 
according to the law h,=p (1—k)—y, where y is expressed in the 
same units as #. The bending moment on strip AB due to the 
constant load kp is easily derived, and may be left over for the time 
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being. The effect of the varying load /, has yet to be determined. 
This effect is secondary, and its computation constitutes the next 
step. 


Second Step.—In addition to being deflected by the constant 
load kp, AB is deflected by the secondary load ,. Let this addi- 
tional deflection have the value y,, at any point distant x from 
the end of AB. In deflecting AB, /, gives up part of its load to 
the long strips as before, leaving AB to carry a load of kh, at the 
centre, increasing to the undiminished load p (1—) at the end. 
An amount of magnitude kh, may now be deducted from the load 
h, for the whole length of the strip. 


Third Step.—There is left unaccounted for a diminished load 
of magnitude hy, where hy is zero at the centre of AB, rising to 
the value of p—[kp+kp (1—k ] = p (1—k)® at the ends, and 
varying in accordance with the deflection curve y, That is, 
lig=p (1—k)?—y,, where y, is expressed in the same units as p. 
As with /,, this load owes its existence to the fact that when AB 
is deflected by the previous load, the long strips take a portion of 
it, which decreases in amount from a maximum at the centre to 
zero at the ends, leaving a diminished load, represented by the area 
under the deflection curve, to further deflect AB. “When h, 
deflects AB, a portion of the load is given up to the long strips, 
and, of the remainder, which will be kh, at the centre, increasing 
to p (1—)* at the ends, an amount Ak, may be deducted at once, 
leaving a further load hy to deflect AB. 


Further Steps.—The process may be repeated indefinitely, 
leaving over at the end of each step an amount which becomes 
less and less, until, in the limit, no load remains unaccounted for, 

The total load on strip AB 

= kp + khy + khg + khg + Kod 

The bending moments caused by the successive increments 
of load must now be estimated. These, when added together, 
will give the total bending moment on the strip AB. 


If a beam be loaded with a varying load hy, where /, is a simple 
function of x, the rate of change of the shear force F = My, 


dF 
dx 
Similarly the rate of change of bending moment M has a value = F, 


or = hy; ies | hy dx +Ae=F., 


or | Fdx +B=M. A and Bare constants of integration. The 


deflection y can be shown to be | J == ak. 
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A more convenient way of expressing the same thing is : 
b/2 x 


| hy dx — | hy, dx; 


0 0 
b 


1 x 
(b) M all [Pa [ Fax; 
“o 


0 


z 
= 
il 


Applying these processes to the varying load, kh,, which was 
accounted for in the second step, kh, =kp (1—k) —ky. Expressing 
y, which is a deflection to one scale, and a load to another scale, 
in the same units as p: 


{ 16. 

kh, = kp (1—k) | t= » (b? x? — 2 bx +x4) | Ibs. 

Integrating this expression gives the shear force F,; by inte- 
grating again the bending moment M, is found. It has two 
maximum values, viz., at the end of the strip, and at the centre. 
Substituting for the limits, the value of M, at the end of the strip 
AB, = 11/420 b? kp (1—A) Ib. in.; and at the centre of strip AB, 
= — 1/140 b? kp (1—k). Integrating the general expression for 
M, twice, and substituting limits, the maximum deflection due to 


A7TbY_ kp (1-2) , 
90640 ~ EI 


this deflection in terms of the load fg, dealt with in the third step, 
and then integrating, the shear force F, for /tg is obtained; a 
further integration shows the bending moment M, to have a value 
=79/3384 b? kp (1—k)? Ib. in. at the end of AB, and at the centre 
= — 142/23,265 b? kp (1—k)* lb. in. It is impracticable to print 
more than the bare results for each step. 


khy=), maximum = By expressing 


The processes could be repeated for the diminishing loads 
hg, hy, etc.; but it so happens that this is unnecessary, because 
the deflection curve for /, has a contour almost exactly the same 
as the load curve. Taking advantage of this fact, the sum total 
of the bending moments set up by all the loads below /, will have 
the same value as that due to /, alone, that is, 


kh, + kg + Bag + 2 2 2 0 8 = 2 khy. 
The bending moment at ends of AB due to constant load kp, 


accounted for in the first step, = pb?/12 lb. in., and at centre 
= — kpb?/24. Hence, adding all the bending moments : 
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Total bending moment at end of strip AB, 


pb? 11 79 : 
= = 3 (1-2) + (1—ay2 ) tb in. 
12 (Teg! La Oe )® ™ 
And at the mid-length of strip AB, 
pb? 1 3 297 
=— 1—k) + —— (1—)? .in. 
12 ( ¥ 50-4) + 551 I) ) das 


For a strip of uniform depth the maximum stress = 6/2 x 
bending moment ; hence, substituting for the bending moments, 
expressions for the stresses set-up in the strip AB—which will be 
the actual stresses in the plate—can now be obtained. 


Maximum skin stress in plate, 


hpb? 1 79 
= 1 gs (9) + Fa AP ) tb. sq. in — 
= ( + 35 (I-A) + ye) . sq, in (4), 
4 
where k = Pa me Pp, b, L, t, as before. 


This is the fundamental equation for the design of encastré 
plates of uniform thickness. 

The maximum skin stress occurs at the side of the plate, at the 
mid-point of its length. To enable calculations to be made Tapidly, 
tabulated values of the constants are given in the Summary, at the 
end of the paper. 

The formula derived in the foregoing pages and given at (4) 
does not constitute a solution obtained from a generalisation such 
as would satisfy a mathematician. But it is offered as a tational 
working rule. The expression appears clumsy and may be thought 
to be capable of further simplification. 

Equation (4) can be re-written thus : 


b2 
f= KEK, x P Ib. sq. in. (4a) 
where 
Ky = 0-325 0:392 0-432 0-456 0-471 0-480 0-492 0-500 
fb = 10 1:2 1-4 16 18 2-0 25 3-0 


Skin stress in centre of plate (which is a second maximum, of lower 
value and opposite sign), 


kpb? 1 3 227 : 
SS ae le & oo ee a —— >) w. -in. (5 
OP G + 35 ( + 1551 (1—R) sq (5) 


The skin stress attains a third maximum value in the middle 
of the short edge of the plate. This is determined by assuming 
the long strips to carry the load and the short strips to relieve them. 
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Skin stress at middle of short side of plate 
ky pP 11 79 5 ot 
_ HEE ly 4 2 amy * B11} Ib. sq. in. (5a) 
i 


2e | 35 141 
of : ‘ . ts 
ky rary This expression is of little value to designers. wh 


The skin stress at the edge of the plate decreases from its maxi- 
mum value at points A and B, in the middle of the long sides, 
towards the corners of the plate, and from a lower maximum im 
the middle of the short sides towards the corners. The stress at 
any section between the middle of the long or short sides and the 
region of the corners can be calculated in a manner similar to that 
used for the maximum. Such stresses are not required for practical 
purposes and, as the working is long and involved, they need not 
be considered further. . 

The stress pattern in the region of the corners is very complex. 


In Table I, Grashof’s expression and that of the author, as 
given at equation (4), are compared with experiments. 


TABLE I. 


Experiment and Theory Compared. 


1 
Ratio of sides | = 1-0 12 14 16 18 20 25 30 
2 


Experiment higher + a 
than Grashof by 28% 11-7% 76% 47% 13% 12% 11% 0 


Discrepancy be- 
tween experi- 


ment and equa- 
tion (4) 1% 0:7% 05% 0 0 0 0:7% 0 


The deflection of the plate remains to be considered. Attention 
will be confined to the deflection at the centre. A 

When the load is applied to elemental strip AB, the material of 
the strip is strained in the direction of its length and the strip 
deflects. Let this strain for any section in the length of AB and 
at any distance from the neutral axis be e; then the strip will also 
be strained in the two perpendicular directions an amount e/m, 
where mis aconstant. If strip AB were isolated, the lateral strain 
would not affect the amount of the deflection ; the total deflection 
would simply be the sum of the separate free deflections caused by 
kp, Rhy, kha, etc. Actually, the bending of the short strips parallel 
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to AB, on each side of it, render transverse strain, whether tensile 
or compressive, impossible, and the plate as a whole becomes very 
nearly equivalent to a block or bar of material loaded in one 
direction, with lateral strain prevented in one direction. In such 

. an instance it can be shown that the bar is m?/m?—1 times stiffer 
than if there were no constraint ; that the deflection for the same 
intensity of stress is only m?—1/m®? of the normal. Applying this 
to the strip AB and to the plate : 


Maximum deflection of plate 


m2—1 kpbt { 47 200 ) 
-s— H+ > (1k) + =~ (aye | 
m * 32E® * (! * a9 (A) + SF (Ia) in 


! (5b) 

The imaginary long strips do not play any part in the deflection. 
The amount of load which they take from the strip AB has pre- 
viously been deducted, and the whole plate has become equivalent 
to a wide beam subjected to a load which varies from point to point 
over its surface. The value of m may be taken as 3-0 or 3-5. 


The effect of horizontal shear and secondary bending due to 
shear, being seldom taken into account in beam design, need not 
be entered into. Strain due to direct pressure is negligible. 

In a deflected plate there are curvatures in all directions at 
every point, and the curvature in any definite direction is due 
primarily to the stress in that direction, but secondarily to the 
stresses and strains in other directions. Curvature in any definite 
direction does not mean that there are bending stresses only in that 
direction, or at all, and conversely the absence of curvature does 
not imply the absence of bending stresses in that direction. 


The fundamental differential equation for the bending of a flat 
plate uniformly loaded is : 


P 4 diz x d4z diz 
te ( dwt ~~ aay * ray 


x and y are the rectangular co-ordinates of any point on the plate, 
2 is the deflection at the point having co-ordinates x and ye = 
a constant involving the modulus of elasticity, Poisson's ratio, and 
the plate thickness. P=load applied. 


The rational method put forward by the author can be expressed 
by : 


4, 4 
PB (= i 


aii 
dx dy* 
where constant B involves only the modulus of elasticity and the 


plate thickness. The solution of this equation is as difficult as 
the other. 
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11l.—Encastré Rectangular Plate, Ribbed. 


A simple plate of constant thickness is always to be preferred 
to a ribbed plate, other things being equal. But for large sizes, 
and for heavy or pulsating pressures, the plate of uniform thickness 
becomes too heavy and too costly. Ribbed plates must then be 
used. The advantage of a ribbed construction is that, weight for 
weight, it is much stronger and stiffer than a simple plate, the 
disposition of metal giving an enhanced value to the moment of 
inertia and the section modulus. Its drawback is the opportunity 
offered by corners of ribs and local masses of metal for flaws to 
occur and for creeping cracks to develop. 

Fig. 5 illustrates, at sketch (a), a ribbed rectangular plate of 
single thickness. At sketch (b) is shown, in exaggerated fashion, 
the deformation of such a plate under pressure. [rom this sketch 
it will be seen that a ribbed plate bends as a whole and then bends 
locally. If this notion should cause difficulty to any reader, the 
procedure previously used may be repeated, and the plate be 
supposed to assume its final position of flexure in two stages. The 
first step is the flexing of the plate as a whole, exactly as a simple 
uniform plate would bend. This is indicated by the dotted lines. 
Equilibrium is not wholly restored by this movement, because the 
bending moment caused by the external fluid pressure, although 
balanced by the moment of resistance of the whole mass of metal 
across the section, is yet in excess of the local moment of resistance 
of the small plates enclosed by the ribs. The further bending of 
the small plates induces a stress which balances the effect of the 
local external pressure, and constitutes the second step, after which 
the whole plate assumes the shape indicated at (b) in full lines. 
In calculating the strength of a ribbed plate, therefore, the stress 
across the whole section should first be obtained and then the stress 
in the local areas. 


The ideal way of ribbing a plate such as Fig. 5 would be to have 
a large number of thin ribs very close together, when the section 
would approximate to a uniform structure, and the stress would 
vary in a manner almost identical with that of a solid plate. Fig. 
5 (c) will convey the idea ; this being a section across the plate in 
either direction. It is impossible to carry this arrangement into 
practice. Ribs have to be made substantially thick to render the 
casting of them possible, and, by making the ribs thick and widely 
pitched, the plate is no longer a closely woven cellular structure, 
and the stress away from the ribs therefore becomes of different 
magnitude to that in their immediate neighbourhood. By group- 
ing the fins of Fig. 5 (c) into the normally proportioned ribs of 
Fig. 5 (a) the stress in the actual ribs is theoretically no different 
from what it would be in the ideal plate, for equivalent positions 
on the plate. The stress in the ribs is determined by the moment 

c 
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of inertia of the whole plate and this quantity is unaffected by the 
manner of splitting-up the ribs, so long as their total breadth is not 
altered. 


To find the maximum stress in the ribbed plate of Fig. 5 (a), 
assume the ribs to be split-up and pitched at unit intervals across 
the long and short sides respectively. Across the plate at the 
middle of the long side, take a strip AB of unit width. The unit 
chosen for the width of strip is immaterial. Strictly the strips 
are supposed to be of infinitesimal width, but the dimension cancels- 
out whatever its value. Readers experiencing difficulty can 
imagine a strip one inch wide. This unit strip will be stiffened 
along its length by one of the narrow ribs pitched at unit intervals, 
and will receive support in a transverse direction from the corres- 
ponding ribs parallel to the long sides. The telative effect of the 
remainder of the plate upon the strip AB may be assumed to be 
the same as for a plate of uniform thickness. This is legitimate, 
because the actual ribs are imagined as being subdivided and 
distributed evenly across the plate. Unit strip AB will be of i 
section instead of rectangular section as in Fig. 1. By altering 
the modulus of section in equation (4) to allow for this, the stress 
in the plate can be determined from that formula. 


Tf l 


n 


length of plate in inches, 
total transverse breadth, in inches, of all the ribs 
parallel to the short side, 


Then m/l = breadth of elemental rib stiffening each unit strip, 
= t, in Fig. 5 (d). 


If the neutral axis be within the flange of the T section, —#.e., 
if yp be less than ¢ (the simple calculation given below at (8) and 
(9) will show this)—the moment of inertia will be : 


oo 


(7° + 2) + & (y8 — 2) 
es 5" inch units. (6) 
(See Fig. 5 (d) for symbols). 
If yp exceeds ¢, 
Os —a) + 2 OF + 23) 
J = 5 inch units. (7) 
To determine the relative magnitudes of yp and #, the rule is : 
1 = Ti . 
Dea (7 6+ pares ) (8) 


l 
yp = (Tyr). (9) 
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The skin stress will have two maximum values, namely, at the 
edge of the rib and at the top face of the plate. The former will 
be the greater. 


Substituting (6) or (7) for I, with (8) for 3, and (9) for yp : 


Maximum skin stress at middle of long side, at edge of rib, 


Apo? ul 79 
fei 1 += (1-2) + G_y: | wb. sa. in. 
hay eet +95 U- +507 0 fb. sain, 


Maximum skin stress at middle of long side, at top face of plate, 


2 =i) : 
x 121 141 (1—R) Ib. sq. iy 

The stress at the edge of the ribs in what has been termed the 
ideally-ribbed plate will be realised in the ribs in the actual plate. 
This is also true of the stress at the top face of the plate, but with 
this addition—in the actual plate, where the ribs are pitched at 
considerable distances, the pressure produces a local stress in the 
portions of the plate which are enclosed by the ribs, such as rsuv. 
The maximum stress in these small plates, obtained by applying 
equation (4) to them, must be added to the stress given by (11), 
to obtain the total stress on the face of the plate. As has been 
stated, (10) gives the stress at the edge of the ribs without further 
qualification. 


2 


li 42) nw 3 
=le =Yp jt +35 4) + 


Skin stress at centre of plate, at edge of rib, 


kpb? (1 3 227 
=f-= —y, aot ia tf acl-*) +—— ht IB. sa. in. 
fe ye xX 121 ip + 35 | ) + 1551! k)? > Ib. sq. in 


(12) 


Skin stress at centre of plate, at top face of plate, 
kp? 1 3 227 
afp Vp. % = I (1- nel Ib. sq. in. 
) U3) 


1-k 
21 (2 * 350-9 * i555 
At the centre of the plate, the skin stress for the edge of the ribs 
is correct as given, but at the face of the plate the actual stress is 
the sum of the results of (13) and the application of (4) to the small 
square rsuv. 


It must depend upon circumstances whether the skin stress in 
the plate has its maximum value at the middle of the long side or 
at the centre of the plate. If the plate be ribbed into squares or 
rectangles, and if the ribs are of constant depth, the greatest stress 
will be at the middle of the long side, in the ribs. If the ribs vary 
in depth towards the centre of the plate, conditions will be altered. 

The stresses given by the above equations are only accurate 
for plates wherein the ribs in both the long and short sides are the 
same in depth, thickness, and pitch—that is, the plate must be 
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ribbed into squares. _If this be not done, conditions do not approxi- 
mate to those of a uniform structure. It is quite common to make 
the ribs which are perpendicular to the long sides of greater pitch 
than those perpendicular to the short sides. With this arrange- 
ment the stress at the middle of the long sides is less than one would 
expect from the number of ribs stiffening the long sides, while the 
stress at the middle of the short sides is greater than the number 
of ribs would lead one to believe. The point is not usually of 
importance. The author recommends ribbing into squares. 

It is desirable that there should be an intersection of ribs at 
the centre of the plate. This ensures that the squares or rectangles 
respectively nearest the centre of the plate and the middle of the 
long sides, will have their region of maximum stress some distance 
away from the point of maximum stress in the plate as a whole. 
The working stress will, of course, be calculated for the worst 
arrangement by adding the stress in the local plate between the 
ribs to the stress on the face of the whole plate remote from the 
ribs, as previously explained. 

Instead of assuming the plate to have its ribs subdivided and 
pitched at unit intervals, with an elemental rib stiffening each 
elemental strip, the same result is obtained by taking the moment 
of inertia of the whole plate across the centre and dividing by the 
length of the plate in inches. Thus, if I, =moment of inertia of 
the whole plate parallel to long side /, taken at the edge of the plate, 
with yp and y; as the distances of the plate face and ribs from the 
neutral axis respectively, then : 


Maximum skin stress at middle of long side, at edge of rib 


pol ul 79 
opie: Ly + 1a)? | Ib. sq. in. 
fete ag } + 5g OM + Gag PM “i10ay 


Maximum shin stress at middle of long side at face of plate 


kpbel 79 
7 T —— (1—k)* } Ib. sq. in. 
e 141 (11a) 


11 
=fp=J'p * { 1 435 A) + 


IV.—Encastré Rectangular Plate—“Box” Section. 


The design of plate shown at Fig. 6 (a) is a stronger form than 
the one just considered, and can be a very substantial arrangenent. 
It consists of two plates held apart by ribs. 

The function of ribs in such a design is apt to be misunderstood. 
The ribs are not intended to resist bending, but to take the shear 
force. Fig. 6 (c) may make the matter clear. It shows a simple 
beam of H section carrying a uniform load. As soon as the load 
is applied the top flange deflects, and the direct downward thrust 
of the bending flange is transmitted through the web to the bottom 
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flange, bending it in turn. _If the web is too weak to transmit the 
load from the top flange to the bottom flange, it crumples up, and 
the top flange, carrying more than its share of the load, follows suit. 


To determine the stress in Fig. 6 (a), take a strip AB of unit 
width across the plate at the middle of the long side. This strip 
will receive support from the remainder of the plate exactly as did 
the strip in Case II. The only difference is in the section of the 
plate and therefore of the strip. The unit strip now consists of 
two elemental rectangles, one at the top flange and one at the bottom 
flange. By altering the modulus in the fundamental equation (4) 
to suit the new type of plate the stress can be found. 


Maximum skin stress in plate (at middle of long side) 
ii fee St 79 } 
= ——— « Apex 11+ S02) + ~ 1_ a! 
rey Se ge Oe 
Ib. sq. in. (14) 
Skin stress in centre of plate 
1 
oe ee JE 
2 (T3—T,?) (2 


Skin stress in middle of short side 


T (- WU 79 
= a ee et RE j1+—(1-k —— (1—k,)? 
2(P—Ty * Phx jit sch) + Tl aye} 
Ib. sq. in. (14b) 
ot , 
k= -ae See Fig. 6 (a) for T T, and ¢. 


To the skin stress on the face of the plate adjacent to the pressure 
must be added the local stress in the squares or rectangles enclosed 
by the ribs. If two ribs intersect at the centre, the nearest small 
plate will have its greatest stress region some little distance away 
from the region of maximum stress in the plate as a whole. This 
is the best arrangement. The plate next to the pressure is some- 
times made a little thicker than the one remote from it, to allow for 
local stresses. This may usually be ignored in calculating equation 
(14). 

It is necessary with this construction of plate to make provision 
for coreholes. These are preferably arranged on the side of the 
plate remote from the pressure, where there is no local stress; 
possible difficulties with slack plugs are also thereby avoided. 
Compensating bosses should be cast around the holes. 


As previously stated, the purpose of ribs is to sustain the shear— 
to hold the two plates apart when under pressure—and so prevent 


23 


THE DESIGN OF FLAT PLATES 


FIG. 6 
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collapse. This would best be done by having a large number of 
thin ribs close together, when the bending in the plates between 
them would be insignificant. Such an arrangement being im- 
practicable, the use of thick ribs must be accepted. 


Shear is zero at the plate centre, increasing to a maximum at 
the edges. Its greatest value is at the middle of the long side. 

It might seem that the maximum shear stress would be 
3 Total external load on plate 


x 
2 Total vertical cross sectional area of ribs 


(15) 


This would be strictly true only if the plate were held along 
two sides instead of along four. For all practical purposes (15) 
may be used ; the results are low for plates about square, the error 
diminishing with an increasing ratio of length to breadth. 


More accurately : 
3 Shear force 


Maximum shear stress = — x Ib. sq. in. (16) 
pA n 
T (T—2t) 
and the shear force, for substituting in the above, 
: kpb 7 41 
-— (14-70-28 + Sa_y: ) . 
( +7508 + 2 -# ) (17) 


n = aggregate breadth of all ribs in inches, = length of plate 
in inches. The shear stress in ribs of ordinary proportions is very 
low. The difficulty most frequently experienced is to make the 
ribs stout enough to carry the high tensile stresses liable to be set 
up in them when the casting is cooling on to the core in the foundry. 


It has been assumed that a fixing moment exists at the edges 
of all the plates hitherto considered, of such a magnitude that the 
slope of the plate there is zero. This assumption is always made 
in encastré beam theory, and means that the section of the plate 
which is in the plane of the wall before bending remains in that 
plane after bending. This requirement should be realisable in 
cast-in plates, e.g., Figs. 1, 5 and 6. If a plate is clamped at its 
edges, e.g., Fig. 7, the conditions are altered, and the author does 
not consider it possible to obtain the assumed boundary conditions 
of fixity by clamping the plate, no matter how wide the clamped 
portion may be. In fact, the wider the clamped flange the greater 
the amount of elastic strain possible within the clamping, and the 
greater the departure from the conditions of fixity. For obtaining 
experimental data for fixed plates, plates milled and ground from 
the solid, e.g., Fig. 8, are more likely, in the author's opinion, to 
yield accurate information on which to frame formulae than are 
clamped plates. 
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In clamped plates, or in any of the approximations which occur 
in practice, there is a likelihood of the stress at the edge of the plate 
not being so high as that given by equation (4), by reason of the 
portion within the clamping giving relief to the plate in the region 
of maximum stress ; in such designs the stress in the middle of the 
plate may be somewhat increased as a consequence. This tendency 
to equalisation is not a disadvantage, but rather may it be a gain, 
so long as the edges do not yield to such an extent as to set up a 
stress in the middle of the plate in excess of that which would have 
been realized at the edges were the plate non-yielding. 


V.—Rectangular Plate of Uniform Thickness. Simply 
Supported. 
A plate which is simply supported at its edges is less strong and 
less stiff than an encastré plate of similar dimensions. 


The only formula in much use for supported plates is one 
attributed to Navier. It is: 


dioxins a Rs er is 
Maximum stress = 2 x @+oye sq. in. (18) 


For a plate whose ratio of length to breadth is great, this ex- 
pression gives results about correct, but for a square plate it shows 
a stress less than Grashof’s equation for an encastré plate, a result 
obviously not sound. 

To obtain an expression for the stress in a supported rectangular 
plate, a process similar to that used for the encastré plate may be 
utilised, the plate being divided into strips respectively parallel to 
the long and short sides. The author has worked out this problem 
in detail, but only the results need be quoted here. The maximum 
skin stress occurs at the centre of the plate (Fig. 9). : 


Maximum skin stress in plate 


3 kpe® ( 14 20 ) ; 
a— = 4 = (1-k = (1—A)? ¢ Ib. sq. in. 
ae: jt +35! ) + 5. k) j sq. in. (19) 
This can be re-written : 2 
f=Ks x ~— Ib. sq. in. 
where 
K, = 0-443 0-556 0-628 0-671 0-698 0-716 0-735 0-750 
lb = 1-0 1-2 1-4 1-6 18 2:0 25 3-9 


Maximum deflection of plate 


me—1 5 kpbt 37 79 | ; 
—_ + rz (1-k) + = (1—A)* } in. 
me? % 32E8 % { ( ) ( ) 
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The author knows of no direct experiments on supported plates 
which have been completely successful. It is difficult to expose 
fully to fluid pressure a plate carried only by knife edges; some 
constraint has to be applied to overcome the inevitable leakage. 

In the clamped plate 48-in. by 24-in. by 0-73 in., tested by Dr. 
Montgomerie—see Case XIV., item (v)—the portion of the plate 
bounded by the lines of contraflexure may be assumed to be a 
supported plate. A comparison of equation (19) with this plate 
shows a difference of not more than 3 percent. _In the experiment 
referred to, the part of the plate enclosed by the lines of contra- 
flexur2 was 15-3 in. wide, the pressure being 40-lb. sq. in. The 
maximum skin stress within the area of the contraflexure—i.e., 
at the centre of the plate—was 12,900-lb. sq. in. ; the stress accord- 
ing to (19) is 12,550-Ib. sq. in. 

In practice, the nearest approximation to a supported plate 
is the bolted door or cover. The custom of some engineers is to 
assume that the pressure on the door acts on the area enclosed by 
the pitch lines of the bolts ; such a plate—for all practical purposes 
—is simply supported. 


Vi.—Rectangular Ribbed Plate—Simply Supported. 


This type of plate, which is usually bolted, can most con- 
veniently be treated by using the method of moments. See Fig. 10. 

Consider one-half of the cover, about the diagonal. 

Let f skin stress in plate in Ib. sq. in. 
pressure on plate in Ib. sq. in. 
total load on plate = p x L, x By. 
length between lines of studs in inches. 
breadth between lines of studs in inches. 
perpendicular distance from diagonal ab to junction 

of line of studs in inches. 
length of opening in inches. 
breadth of opening in inches. 
perpendicular distance from diagonal ab to corner 

of opening in inches. 

The upward, or bursting, moment, due to the pressure on the 
half-rectangle, acting about ab = P/2xD,/3 (as the load acts at 
the centre of gravity, i.c., at D,/3 from the diagonal). 

This bursting moment is opposed by a downward resisting 
moment taken by the studs =P/2 x D/2 (as the total load on the 
studs must balance the total load on the cover = P/2; and the 
mean distance of the studs from ab = D/2). 

The bending moment M across ab = algebraic sum of these 


opposing moments, 
P Pp 

z ( » 2) EB) - 3G? 2 D,) Ib. in. 
2 2 2 3 12 
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The resisting moment of the studs, acting in a clockwise direc- 
tion, is greater than the bursting moment acting in an anti-clock- 
wise direction, hence the bending moment to be resisted by the 
metal across ab must be a clockwise moment, producing tension 
in the half of the section remote from the pressure, and compression 


in the half adjacent to it. 


From the fundamental formula of simple bending, 
f = yl 


where M = bending moment on the section in Ib. in. 

y = distance of outer edge of section from neutral axis 
in inches; for unsymmetrical sections y has two 
values. 

I = moment of inertia of section of plate through abd in 


inch units. 
But M = P (D—2D,) / 12. 
P y 
= = = Ib. sq. in. 20) 
f 7 BP 2D)7 b sq. in | (20) 
It should be noted that this stress is the average skin stress 
across ab, or the stress that would occur if the bending were simple. 
Actually the stress varies from a minimum at each end of the 
diagonal to a maximum in the centre. The maximum. stress 
exceeds the average by an amount which depends on the ratio of 
the sides of the plate. 

If the cover is of the design shown in Fig. 10 (a), all the ribs 
cut by ab can be grouped together, forming a T section, as shown 
in Fig. 10 (b). The centroid can be found, and then the two values 


of v, namely, y, and yp. 


Average tensile skin stress at face of plate, 


P My 5 
2,¢0= 2D,) 7 Ib. sq. in. (21) 
Average compressive skin stress, in edge of ribs, 
P Pe ‘ 
-5@D-2 a Ib. sq. in. (22) 


Figs. 10 (c) and 10 (d) show other systems of ribbing. In 
Fig. 10 (c), to determine the I, the ribs should be grouped together 
as in (b), forming an H section, with the lower flange considerably 
smaller than the upper flange. 

In Fig. 10 (d) all the vertical ribs, such as #, ¥, w, x, y, should 
be neglected, because in a double-plated cover of this design they 
are assumed to take the shear. The section then becomes two 
rectangles at a known distance, as shown at Fig. 10 (e). The I of 
such a section 
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QT? —Q (T—2#)% 
ne 

where Q = length across diagonal in inches, corresponding to ab 
in Fig. 10 (a). In this plate y=yp=y,=T/2. ' Substituting for 
I and y, 

PT (3D —2 D)) : 

i = —————_ bb. sq. in. 23 

Average skin stress 2 O(T® — (T—2))] sq. in (23) 

The maximum skin stress is higher than the average ; it can be 
assumed to be 1-9 times the average. _ 

Where the plate adjacent to the pressure is increased in thickness 
somewhat, to allow for local bending between ribs; the I may be 
found as if the two plates were of equal thickness, to avoid difficult 
calculations. 

Maximum shear stress in ribs may be taken as 


3 P' 


= 2 m na 

= total number of ribs; a@ = vertical cross-section of one 

rib in sq. in.; P = total load on cover in Ib. This expression is 
not strictly true, but is near enough for practical work. 

The stress in the largest rectangle or square contained by the 
ribs should be found by equation (4). It is possible for the plate 
in Fig. 10 (a) to be strong enough, as a whole, to withstand the 
pressure, and yet have the plate metal between the ribs too thin. 
This would happen in a cover having few very strong ribs instead 
of a greater number of smaller ones. 


Ib. sq. in. (24) 


Vil.—Encastré Circular Plate of Uniform Thickness. 


The complete theory of the circular plate was given by Grashof, 
based upon an earlier analysis by Poisson, and experiment has 
shown it to be near the truth. The two forms in which the ex- 
pression for the maximum stress is given are : 


1 @ 

f max. = 6 = Ib. sq. in. (25) 
3 fe 

f max. = 6 = Ib. sq. in. (26) 


p = pressure in Ib. sq. in., d = diameter of plate in in., 
t = thickness in in. 

The first equation assumes that the maximum principal strain 
determines the elastic strength of the plate; the second, that the 
maximum principal stress is the criterion. As British engineers 
tend to follow the maximum principal stress theory, equation (26) 
is the one which should be used. 


THE DESIGN OF FLAT PLATES 


(7p 


4 
4 
H 


= 


4 
4 
Yj 
4 
4 
q 
4 
4 
4 
H 
H 
4 
4 
4 
H 
4 
¢ 
4 
A 
H 
H 
4 
4 
g 
Y 


SSSSSSSSSSSSSS SSNS 


SS 


4 
PPE PEPE ESLESLES ISLET EEEEL 


Fic. Il 


31 


THE DESIGN OF FLAT PLATES 


32 


Fic. I2 


| 


THE DESIGN OF FLAT PLATES 33. 
Vill.—Encastré Circular Plate—Ribbed. 


It is not possible to give a method for a ribbed circular plate 
which is really satisfying ; therefore the following is suggested for 
what it is worth. The procedure may be applied to Fig. 12 (n) 
and (p) for perpendicular ribbing, and to Fig. 12 (0) for radial 
ribbing. 

In a simple encastré strip of length @, of unit breadth, and of 
thickness ¢, the maximum skin stress under a load of Ib. sq. in. 
= p d®/2 #. 

In an encastré plate of diameter d and thickness ¢, the maximum 
stress = 3 pd2/16 22, showing the plate to possess a scrength 8/3 
times that of the simple strip, or, conversely, showing the stress in 
the plate to be three-eighths of that in the strip. 

Making use of this connection, a unit strip is taken across the 
greatest diameter of the ribbed plate, and the stress in the plate 
assumed to be three-eighths of the stress in the strip. In dealing 
with a plate stiffened by perpendicular ribbing the process is the 
same as in the rectangular plate, the ribs being split-up and pitched 
at unit intervals across the plate to form a network. Alternatively 
the modulus across the diameter of the plate is obtained and divided 
by the length of the diameter in inches, thus to obtain the modulus 
for a unit strip. In a plate ribbed radially, the only expedient 
possible is to assume the ribs to swing about the centre of the plate 
and to group them into two broad ribs at right angles. The modulus 
of the plate through the diameter, just clear of one rib, can be 
found ; this, divided by the diameter in inches, gives the modulus 
for a unit strip of T-section. The T-shaped strip can be treated 
as an encastré beam, and the actual stress in the plate assumed to 
be three-eighths of that in the strip. 

Local stresses in the plates between the ribs, determined as 
indicated earlier, can be added. 


1X.—-Encastré Circular Plate—‘Box” Section. 


For a plate such as Fig. 13 (b), the formula used for a plate of 
uniform thickness can be adapted, thus : 
3pd? T 
16 (T? — T,') 
Symbols are given on Fig. 13 (b). 
The ribs are assumed to take the shear, thus : 
Maximum shear stress = Sent Ib. sq. in. (28) 


number of ribs at circumference. 
vertical cross sectional area of one rib in square inches. 


Maximum skin stress Ib. sq. in. (27) 


am 


ol 
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X.—Simply Supported Circular Plate of Uniform 
Thickness. 


The remarks made in Case VII. apply here. There are two 
expressions for the elastic strength of a circular plate simply 
supported at its perimeter, based respectively on the maximum 
principal strain and the maximum principal stress theories. They 
are :— 


a v 

f max. = a 2 Ib. sq. in. (29) 
5 Mi 

fmax. = =" = Ib. sq. in. (30) 
BR 


Symbols as in Case VII. Equation (30) should be used. 


XI.—Simply Supported Circular Plate—Ribbed. 


The bolted plate is a near approximation to a simply supported 
plate. The simplest way of determining the strength of such a 
plate is to take moments about the diameter. Consider Fig. 13 (a). 

Let P = total load in Ib. acting on the whole plate, diameter 
D, inches. Take moments about diameter ab. As the load acts 
at the centroid of the semi-circular opening, distant 0-2122 D, 
from ab :— 


Anti-clockwise moment due to upward pressure 
P 
= GF x 02122 D,) Ib. in. 


The downward re-action at the studs balances the upward 
pressure. The mean distance of the studs from ab=0-3183.D, 
where D = pitch circle diameter in inches. That is: 

Clockwise moment due to downward re-action of studs 


P 
= (=; x 03183 D ) Ib. in. 


Average bending moment on metal across ab 
= algebraic sum of bursting and resisting moments, 
Ee ‘ 
ie, M = — (o-s183 D—0-2122 Dy) Ib. in. 
or M = 0-1061 P (1-5 D—D,) acting in a clockwise direction. 
Now f = My/I. Substituting : 
Average skin stress in bolted circular plate : 


a { o-1061 P (1-5 D—D,) Ib. sq. in. 31) 


THE DESIGN OF FLAT PLATES 


3h 


36 THE DESIGN OF FLAT PLATES 


In a plate of uniform thickness y/T = 6/D#, and for a simply 


supported plate D, = D. Substituting for these, the average skin 
stress across the diameter 


=f=025 2% (31a) 


As stated, the stress given by equation (31a) 
stress across the diameter; the maximum skin s 
of a uniform plate is given at (30), viz. : 


5 pad 

f= ie p 

The relation between (30) and (31a) therefore shows that the 
maximum skin stress in a circular plate is 1-25 times the average. 


For ribbed bolted plates such as (k), (I) and (m) at Fig. 12, 
moments are taken about the weakest diameter ab, and the appro- 
priate values of I and y inserted in (31). In designs of these and 
similar forms, moments should also be taken about a second axis 
cd. Thus, with plates having central domes the weakest part of 
the plate may not be across the greatest diameter, but where the 
ribs join the dome. A second axis is also necessary where the ribs 
vary in depth. 

The above-described method can also be applied to plates of 
“box” section, the appropriate values of I and y being used. The 
section, for calculation purposes, consists of the top and bottom 
plates, the ribs being ignored. : 


In all ribbed circular plates it is necessary to determine, in 
addition to the general strength, the strength of the areas of plate 
contained by the ribs. With “box” sections, the plate adjacent 


to the pressure may be made a little thicker to allow for the local 
bending. 


is the average skin 
tress in the centre 


Fig. 16 is an example of a supported circular plate, in the design 
of which the method of moments was employed. It is a disc for 
carrying the suction or delivery valves of a large cast-iron pump. 
The pressure acts both on valves and exposed disc, but the disc is 
reduced in strength by the holes required for the valves. Moments 
were taken about diameter ab, and the modulus calculated by 
grouping into a solid section the metal cut-through by this line. 
To avoid a very heavy casting, wide, shallow ribs were cast under 
the plate. 

The method of approximately determining the stress in a rect- 
angular or circular supported plate, by taking moments about 
a diagonal or a diameter, may be extended to other types of uniformly 
loaded plate, such as pistons and pump buckets. Such plates 
are free at their circumferences but supported at a ring near the 
centre. The external loading may therefore be regarded as acting 
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at 0-2122 D, where D = diameter of loaded disc in inches, and the 
reaction on the rod at 0-3183 d, where d = diameter of rod, or 
collar on rod in inches. The result is only the average stress across 
the diameter, but the method is useful where nothing better is 
available. 


XII.—Flanged Circular Plates. 


Flanged plates cannot be regarded as simple flat plates. The 
radius at the boundary of the flat surface is a complication, and 
it is in the region of this radius that cracks develop in most of the 
plates which fail in service. 


For determining the comparative strength of flanged plates 
for all ordinary purposes, the simplest criterion is a factor of safety 
based on the proof stress, 7.e., the stress at the load when permanent 
set begins, obtained by applying equation (26) to experimental 
plates. 


In Fig. 18 are shown five circular mild steel flanged plates, 
tested by Prof. Bach. The particulars are classified in Table II. 
The ultimate tensile strength of the material was 54,400 Ib. sq. in., 
elastic limit 23,500 Ib. sq. in., yield point 33,800 lb. sq. in. 


TABLE Il. 
Flanged Steel Plates. 


REFERENCE No. 1 2 3 4 5 


Inside diam, of end, ins. | 26-93 26-93 26-85 26-06 26-85 


Root radius, ins. 1:58 1-58 2-56 1-26 4-69 
Diam. of flat, ins. | 23-78 23-78 21-73 23-54 17-47 
‘Thickness, ins. | 0-382 0-382 0-409 0-787 0-421 


Residual deflection starts | 
at Ib. sq. in. 78 a 100 285 114 


Deflection at centre under 
load, ins. 0-178 0-143 0-146 0-091 0-117 


Proof stress, Ib. sq. in. 56,660 | 51,580 | 52,670 | 47,900 | 36,790 


The last line of the table is obtained by applying equation (26) 
to the plates. Neglecting plate 5, which has an abnormal root 
radius, the average value of the proof stress is 52,000 Ib. sq. in. 
From this it seems that the working pressure may be determined 
from the formula, 


és 


altnre 
\Xis 
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52,000 3 pd? 


Fw f 
which, reduced to its simplest form, is 
: 277,000 
= ——_— (32) 
F@ 


where I’ = factor of safety, based on the elastic limit. Where the 
pressure is steady, a plate should be strong enough and stiff enough 
if F = 8. Most of the rules used by survey and classification 
societies for marine and land work can be reduced to the form of 
equation (32). The numerical constant may be modified to suit 
available experimental data appropriate to any plate group. 


In large plates the maximum deflection, rather than the stress, 
should be taken as the criterion for design, especially if the working 
pressure be a fluctuating one. 


Prof. Bach’s plates were not of strict mathematical form ; there 
were slight inaccuracies caused by working the material. This does 
not matter, as all hand-worked plates have these inaccuracies. 


The tests were carried to pressures far beyond the elastic limit, 
e.g., the pressure for plate 1 was taken to 550 Ib. sq. in. and would 
have been taken higher but for the profuse leaking at rivets and 
seam. At 550 Ib. sq. in. the deflection at the centre was 2-5 ins., 
i.e., the plate had ceased to be flat and had become very definitely 
dished. The flat plate rule cannot be applied to this condition, 
nor, in fact, to any pressure much beyond the elastic limit. The 
pressures on plates 3, 4 and 5 were taken to 670, 710 and 710 Ib. 
sq. in. respectively, showing deflections of 1-67, 0:8 and 1-15 inches. 


In Table III. particulars are given of a few plates which have 
failed in service. Assuming, for comparison—although it is far 
from being strictly warrantable—that the plates remain flat under 
pressure and that equation (26) is applicable to conditions at 
rupture, then the ultimate stresses have the values given in the 
table. These results are low when compared with the values for 
the elastic limit in Table II. Also, Prof. Bach's plates carried 
stresses far higher than any of these without signs of failure. The 
inference is that the plates of Table IIT. failed by corrosion fatigue 
or by creeping cracks, the outcome of “panting.” 


This is in harmony with general observation. The static 
bursting pressure of flanged plates is very high, but the plates show 
signs of deflection almost as soon as pressure is applied to them, 
springing back to their original shape when the pressure is removed. 
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TABLE Ill. 


Some Failures in Service. 


REFERENCE No. 1 2 3 4 
Age at fracture, sie Old 8 years. | 13 years | 9 years 
at least. 
Material, 5 ats Wrot Wrot Wrot Mild 
Iron. Iron. Iron. Steel. 
Pressure, Ib. sq. in. 60 25 40 180 
Outside diameter, ins, 29 36 30 32 
Thickness, ins. | 7/16 1/4 3/8 5/8 
Root radius (about), ins. 1 1. 1 1} 
Diameter of flat, ins. 27} 34} 28} 293 
3 
f= 3 cai 43,200 89,200 42,600 73,800 
Remarks, wee wes Local Original | Diagonal | Root 
thickness, | thickness, | shell thickness, 
5/16 in.; | 7/16 in.; | seams, 9/16 in. 
one cross | general local 
seam. wasting ; | thickness, 
oldcracks | 1/16 in. 


This movement of the plate each time the pressure is applied and 
taken off results in grooving and channelling at the root radius, 
and may in time bring about the destruction of an unstayed plate 
at a relatively low working pressure. 


It happens comparatively often in service that cracks do not 
continue to grow when once they have appeared. However much 
it may be opposed to accepted theory, the cracks seem to give 
relief to local stresses and then refuse to extend. A well-known 
engineer, for example, told the author of two cracked plates which 
were carefully watched for nine years, in which time there was no 
enlargement of the fissures. The hypothesis which he tendered to 
explain this phenomenon was that the material of the plate con- 
sisted of very thin layers which sheared relatively to each other 
when the relieving crack appeared, so establishing equilibrium. 
He actually found that the outer portions of steel plates consisted 
of fine lavers, 2,000 to 5,000 per inch; these may have been pro- 
duced during the process of rolling. 
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XIII.—Some General Notes. 


Encastrément.—One of the points which is apt to perplex the 
designer is the correct estimation of the degree of fixity at plate 
edges. There is no doubt that Fig. 1 is a rigidly held plate, nor 
is there any difficulty in agreeing that Fig. 12 (m) is a simply sup- 
ported plate; but between these two extremes there are many 
types, presenting great variety in their fastenings. No hard and 
fast rules can be given; the judgment of the designer must be the 
determinant. 


The heavily-bolted door of Fig. 14 (a) may well be regarded as 
rigidly held at its circumference, but Fig. 14 (b) should not be 
assumed to be more than simply supported, because of the tendency 
for the boundary angle to bend. The spigoted cover of Fig. 14 (c) 
must also be regarded as simply supported, even if the studs are 
placed as close as possible to the outside of the spigot, because, in 
the effort of the studs to keep the joint tight under pressure, the 
cover tends to “‘hog’”’ to the dotted lines shown on the right of the 
figure. 

Fracture of Plates.—Fig. 11 (a) shows four typical kinds of plate 
fracture. In a simply-supported rectangular plate, fracture begins 
at the centre, on the face remote from the pressure, and tends to 
spread diagonally, unless the plate is long in comparison with its 
breadth, when the crack may develop for a short distance in a 
direction parallel to the long side. In a simply-supported circular 
plate the crack shows on the face remote from the loading and 
develops radially outwards. For rigidly-held plates the cracking 
begins on the face adjacent to the pressure and appears at the 
middle of the long side for rectangular, and at the circumference 
for circular plates. 


Two fractured circular covers which came to the author’s notice 
are shown at Fig. 11 (b) and (c). The cover at (b) was a heavy 
design for a large high-pressure pump. Under hydraulic test the 
spigot joint showed leakage, and the bolts, which were many and 
strong, were successively tightened. The crack C was then noticed. 
The cover was taken off and replaced by a duplicate, but this time 
rubber insertion was placed under bolts at D as well as in the faucet. 
When the pressure was again applied no trouble whatever was 
experienced, the cover proving of ample strength for its work. 
Essentially this was a problem of flange, rather than of cover, 
design. Fig. 11 (c) was a steam cylinder end about 23 in. diameter. 
The plate of metal comprising the cover was 1 in. thick, stiffened 
by #-in. ribs, 24-in. deep, as indicated on the sketch. The design 
was intended to carry a test of 300 lb. sq. in. Under pressure, 
however, four different covers cracked at the places marked C, 
before 60 lb. sq, in. was reached. On the application of the method 
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of Case XI. to the cover, the stress for 300 Ib. sq. in. pressure was 
found to be 23,800 lb. sq. in. 


On one occasion a circular condenser door, not unlike Fig. 12 (g), 
broke on test; the pressure gauge pipe must have been choked. 
The cover failed around the circumferential wall, severing the door 
proper from the bolt flange. The casting was rather thin at the 
line of fracture, and there were no ribs joining the bolt flange to 
the circumferential wall. This example shows that it is possible 
for a plate to fail by shear. Ribs uniting flange to cover are often 
advisable in designs of this form. See Fig. 17. : 


Ribbing—To obtain maximum strength for weight of metal 
used, the ribs in any plate should, where possible, be arranged to 
carry a compressive stress. That is, in a bolted plate, whether 
rectangular or circular, the ribs should be cast on the face of the 
plate exposed to pressure. In an encastré plate the sign of the 
stress changes across the plate and the ribs should be placed on the 
face remote from the pressure, to ensure a compressive stress in the 
ribs at the region of maximum stress. Cast-iron is about six times 
stronger in compression than in tension, and if the ribs are in com- 
pression the disproportion which exists above and below the neutral 
axis is minimised, and a balance in strength more nearly struck. 
For cast steel the matter is not so important, because the tensile 
and compressive strengths are not very different. . 


If ribs cannot be placed on the faces named—and in many 
designs they cannot by reason of external circumstances—then the 
designer must reduce rib stresses by all legitimate means. With 
ribs in tension, especially under fluctuating loads, fatigue of 
material, initial flaws, undue stress magnitudes, etc., can combine 
to induce cracks which grow and deepen until the casting fails. 


The system of ribbing to be used for any plate necessarily 
depends on the way the plate will fail if exposed to destructive 
loading. Thus, a rectangular bolted plate of uniform thickness 
may be not quite strong enough of itself, and light ribbing may be 
needed. As such a plate would ultimately fail across the diagonals, 
a suitable arrangement of ribbing would be one giving maximum 
strength to these places, as in Fig. 12 (b). To avoid a local mass 
of metal where the ribs meet obliquely, with possibility of porosity 
and initial strains, a circular rib may be arranged, as in Fig. 12 (c). 
The circular rib breaks up the continuity of the straight ribs—but 
this is not normally important. Two perpendicular ribs inter- 
secting at the centre would stiffen the plate, but not to the same 
degree, weight for weight, as they would not increase the modulus 
across the diagonal very much. A single rib across the plate would 
have but little value. For heavier rectangular plates, one of the 
systems given at Fig. 12 (d) or (g) may be used, according to size 
and pressure. 
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For bolted circular plates, a single rib across the diameter is 
helpful, but two arranged perpendicularly are stronger. | Where 
heavier ribbing is needed the ribs may be radial as at Fig. 12 (m), 
or perpendicular, of the pattern shown at Fig. 12 (p); the latter is 
a strong form. 

For rectangular plates rigidly held at their edges, the ribs should 
be perpendicular and not diagonal. One heavy rib across the plate 
centre, whether parallel to the long or to the short side, would be 
useful. If crossing the centre in a direction parallel to the long 
side, as in Fig. 12 (e), the rib would be effective in reducing the 
breadth of the unsupported area—for any rectangular plate a 
decrease in breadth is of more value than a proportionate decrease 
in length—but if placed across the centre in a direction parallel to 
the short side it would also be of value. Two ribs intersecting at 
the centre are better. For heavier ribbing, some typical arrange- 
ments are shown at Figs. 5 and 12 (f). i 

For rigidly-held circular plates the remarks made regarding 
bolted plates are applicable. One rib across the diameter represents 
the simplest form, two ribs arranged perpendicularly are better. 
For stronger types, ribs may be arranged radially or perpendicularly. 
Radial ribs may introduce an undesirable mass of metal at their 
intersection. 

The strongest types of plate, whether rectangular or circular, 
are those composed of two plates of metal with ribs holding them 
apart. The farther the plates are apart the stronger is the form, 
the plates remaining the same thickness. 

In some bolted circular covers a dome is located at the centre ; 
this obviates a local mass of metal, and makes the plate stronger, 
but calculations for strength become longer and more involved. 

Dishing, as a means of obtaining strength and stiffness, may be 
utilised in both circular and rectangular plates. Fig. 12 (h) shows 
the section of a dished plate; this may be a circular door, or a 
rectangular cover—of which Fig. 12 (g) is approximately the other 
view. If the amount of curvature is not great the method of 
moments may be applied to obtain stress values. To facilitate the 
determination of the modulus of the section, all the ribs cut through 
by the axis about which moments are taken are grouped together, 
and the section reduced to the nearest regular form. The moment 
of inertia may be computed graphically or analytically. 

A wide difference of opinion exists as to the most suitable 
proportions for ribbing. If a plate requires strengthening it does 
not seem logical to use ribs which are much thinner than the plate 
to be stiffened. The author advocates broad ribs, not too deep, 
for general use. For cast-iron, ribs should be at least equal to the 
thickness of the plate, preferably 7/6 times as thick, with the depth 
not much more than about 2} times the breadth. The pitch of the 
ribs must be determined in accordance with the rules laid down 
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for the appropriate design. In the cover Fig. 11 (c), mentioned 
in the paragraph on fractured plates, if the ribs which stiffened 
the one-inch plate had been about 1}-in. wide by about 3-in. deep, 
instead of 3-in. x 23-in., the cover would doubtless have carried 
the required test pressure. 

Deep ribs are not always the source of strength which they are 
intended to be. This is only to be expected when it is recollected 
that in a heavy plate having deep, thin ribs, the neutral axis is a 
long way from the free edge of the ribs, and the stress at any plane 
in a section is directly proportional to its distance from the neutral 
axis. If thin, deep ribs cannot, for some reason, be avoided, then 
an ample number should be provided. 

In experiments to destruction carried out on ribbed and plain 
plates, it has been found that for plain flat plates the breaking load 
can be in the neighbourhood of 2:5 times the load calculated from 
the known tensile strength of the material, but in a ribbed section 
the ratio may be in the neighbourhood of 1-2 to 1-4. The deeper 
the rib the smaller is this ratio. Beam formulae do not hold for 
breaking loads, but only for so long as the material remains perfectly 
a Internal cooling stresses in castings may tend to weaken 
ribs. 

It is desirable, especially in important plates, to make calcula- 
tions for a few alternative schemes of ribbing, chiefly as regards 
sizes, proportions and dispositions, to ensure that the maximum 
real strength from the ribbing is obtained. 

The corners of ribs should be well-rounded. With a square- 
ended rib there is a tendency—which is not always realised, of 
course—for minute cracks to appear at_the edges, something like 
those shown in the plan view of Fig. 15 (a). Their origin is due 
to the comparatively large amount of surface available for heat 
radiation when the casting is cooling in the sand, with the result 
that the metal at the corners cools at a quicker rate than that deeper 
in the rib. With a rounded rib the surface bears a more suitable 
relation to the contained mass, and the chances of sounder and more 
ied homogeneous metal are increased. Fig. 15 (b) is a rounded 
rib. 

Once a crack—no matter how small—has started there is often 
no telling where it may end. Stress concentration at corners is a 
very potent matter in the generation of cracks. . 

If a surface requires very strong stiffening, bulb-ended ribs may 
be used. These may be made deeper than ordinary ribs, and the 
bulb may be anything from a circular section to a considerable 
breadth of flange. See Fig. 15 (c). These ribs may be costly to 
the foundry, but they are sometimes necessary. 

Allowable Stresses.—Little need be stated regarding permissible 
values of working stresses, as these are necessarily influenced by 
the dimensions and loading of the plates, upon their ultimate 
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function, and so on. The nature of the loading, 7.e., whether 
steady or pulsating, must receive consideration. If pulsating, 
the frequency and magnitude of the pulsations must be investigated. 
In most instances something will exist -by way of precedent for the 
stresses to be allowed. The allowable steady working stress for 
cast-iron may normally be anything from 2,000 Ib. sq. in. to 5,000 
Ib. sq. in., with 4,000 Ib. sq. in. to 10,000 lb. sq. in. for cast and mild 
steel, all as dictated by circumstances. 

The determination of the scantlings for any design should take 
into proper account the kind of load experienced under running 
conditions. It is no use assuming a steady load if the load is not 
steady, nor is it any use to allow 50 per cent. for eventualities when 
a little investigation would show the necessity for an allowance of 
ten times this amount. Probably more failures take place as the 
result of underestimation of the magnitudes of forces and loads, 
and the misinterpretation of their behaviour and effect, than from - 
any other cause. 

Bach showed in some of his earlier experiments that the bending 
strength of cast-iron was considerably in excess of the tensile 
strength. Thus for H sections where the flat was horizontal, the 
relationship between bending strength and tensile strength was 
1-45: 1 to 152:1. For square and rectangular sections the ratio 
was 1-75:1; for circular sections and H sections—where the 
flanges were vertical—the ratio was 2-12 : 1. 

In pressure vessels used for many industrial purposes the covers, 
doors, and flat plates which form an integral part of them are often 
subjected to pulsating pressures, and sometimes to alternating 
loads. For such plates the method indicated at Fig. 21 may be 
used to provide a satisfactory basis for the calculations. 

Starting from point a, ac = maximum compressive stress, 
af = maximum tensile stress. Then, pulsating stress = oc = of = 


(ate 


af—ac 
F ) and mean stress = ao = eS: The total stress 


(mean + pulsating) should be maintained within the appropriate 
stress limit for the kind of plate under consideration. 


Erroneous Stratagems.—It is not uncommon to find designers 
treating dished rectangular and circular plates as parts of cylinders 
and spheres, and applying to them the respective formulae for 
complete cylinders and spheres. Such ruses do not yield satis- 
factory comparisons. 


Designers also often divide ribbed rectangular flat plates into 
as many parts as there are ribs and then treat each part as a beam, 
not for stress determination but as a basis for comparison. This 
may be all right if the plates compared have the same ratio of 
length to breadth, but otherwise the method is invalid. 
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XIV.—Experimental Work. 


The scope of typical available tests is indicated below. From 
these careful and painstaking researches it will reasonably be 
concluded that a great deal yet remains to be done before the subject 
can be regarded as having been placed upon a sound basis. 

Although the experiments may be restricted in scope, the results 
correctly interpreted can have a fairly wide significance for the 
designer. To take a simple example: the deflection of circular 
plates of uniform thickness, assuming Poisson’s ratio is 3, is :— 


D pat Gee pd 

96 EP (encastré) ; OEP 

Where D = maximum deflection in inches, other symbols as 
before. 

That is: deflection varies directly as the fourth power of the 
diameter, inversely as the cube of the thickness, directly as the 
pressure. Or, D=Ad‘, D=B/f?, D=Cp; where A is the constant 
connecting deflection with diameter, B deflection with thickness, 
C deflection with pressure, all as determined from the experimental 
results which may be under consideration. 


(supported). 


()—-P. T. Steinthal (Petrie). 


Scope.—Annealed mild steel plates were tested for deflection, 
to compare actual results with Grashof’s theory within the elastic 
limit. Diameter of plates = 24-in., 18-in., 12-in.; thickness 
about 4-in., }-in., 3-in., 1-in. for each diameter. Two series of 
tests were intended, respectively with fixed edges and with free 
edges. For the encastré plates so much difficulty was encountered 
in keeping the fixed-edge tight that the results were not much 
different from those for the freely-supported tests, and were thus 
of little value for their intended purpose. The method used for 
fixation was not satisfactory ; it consisted of bolting the plates on 
to +;-in. square rubber rings. 


Results.—For the freely-supported plates, the results are shown 
at top of next page. 


Conclusions.—The actual deflection is less than the theoretical, 


in all instances ; the greater the ratio of diameter to thickness, ?.e., 
the thinner the plate for each diameter, the greater the divergence. 
This is the opposite from what might have been expected. The 
explanation given is that it does not appear permissible to neglect 
the direction of application of the load and assume that the load is 
applied in a plane perpendicular to the original plane of the plate. 
So long as the plate is perfectly flat the load remains perpendicular 
to the plane of the plate, but as soon as it assumes a convex form, 
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| Actual | Grashof’s 
Dia. | Thick. Pressure. | Deflection. | Deflection. 
ins. ins. Tb. sq. in. | ins. | ins. 
12 | 0498 | 1650 | 045 
| 9.365 | 100 0-055 (0-065 
| 9.967 95 0-125 0-167 
| 0-142 25 | 0-15, 0-25 
is |) 048275 00750105 
| 0-368 65 0-17 0-21 
| 0-268 | 0 02 0-325 
2 6) oda | 55) 
| 0-268 | 13 0-175 | (0-35 


the direction of the load remains perpendicular only at the centre 
of the plate; it lies along the radius of curvature for every other 
point. The resultant of all the diverging pressures thus tends to 
reduce the actual deflections. Therefore, the more convex the 
plate becomes—+.c., the greater the deflection—the greater should 
be the discrepancy between Grashof’s theory and actual practice. 
The experiments confirmed this expectation. This tendency 
should not be neglected when the deflection exceeds 1/500 of the 
plate diameter. 


It would appear that when the deflection exceeds 1/100 of the 
diameter, the curve of deflections (as ordinates) on pressures (as 
abscissae), though still within the elastic limit, is no longer a 
straight line, but tends to droop downwards—i.e., the material 
does not comply with Hooke’s law. In the theory it is assumed 
that the neutral surface does not stretch ; this assumption is known 
to be not wholly correct. 


Whatever may be the cause, Grashof’s formulae for circular 
plate deflections are on the safe side and the result of working to 
them is only to increase the factor of safety. 


(ii)—Dr. Carrington. 


Scope.—One annealed mild steel plate, 18 ins. effective diameter, 
fixed between bolted flanges, was experimented upon ; the original 
thickness was 0-5 in., successively reduced to 0-4 in., 0-3 in., and 
so on. The purpose was to determine the effect of strains in the 
middle surface and the approximate ratio of deflection to thickness 
at which Poisson’s theory ceased to apply. 
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Poisson’s general equation is :— 


E By A B. 2 
e.g Se +—“:D 
12 (1—c?) 64 4 


where E, ¢, p have their usual meanings; o = Poisson’s ratio ; 
w = deflection at radius y; B and D are constants. If the con- 


— = Oat 
—— = Oat rea, 
dr 
where a is the radius of plate, Grashof’s equation is obtained. E was 
29,150,000 Ib. sq. in., and o = 0-251. 
The investigation also included the obtaining of the lowest 
frequencies of lateral vibrations of the plates. 


stants are determined from the conditions, w = 


Results.—For present purposes it is sufficient to take the actual 
deflections obtained and compare them with Grashof’s equation, 
thus :— 


| 
| Actual Grashof's 
Thickness. -Pressure. | Deflection. Deflection. 
ins. Ib. sq. in. | ins. ins. 

0-5 50 | 0-0228 0-0158 
O-4 30 | 0-0228 0-0189 
0:3 20 0-035 0-0293 
0-2 | 7 | 0-0375 0-0346 
O-1 25 | 0-08 0-0988 

| 


In the 0-4 in. plate, at 30-6 Ib. sq. in., the central deflection by 
experiment was 0-02275 in., by Grashof 0-0189 in.—a difference of 
20-4%. Of this, 1-06% was additional deflection due to shear 
and 4-64% due to tilt of flanges, leaving 14-7% attributable to 
edge effect. 


(iii) —G. M. Russell. 


Scope.—The purpose of the investigations was to establish the 
suitability or otherwise of relatively thick plates to serve, by reason 
of their elastic deflections, as measuring springs for rapidly-changing 
high pressures such as occur in ballistic work. 

The plates were circular and to obtain circumferential fixity 
they were turned from deep solid blocks, each plate thus being a 
disc integral with and surrounded by a thick deep supporting ring, 
something like Fig. 8. The material was shot steel, having a very 
low elastic limit—about 7 tons sq. in. 


The effective diameter of all the plates was 3 in., the thicknesses 
0-1 in., 0-2 in, and so by increments of 0-1 in. up to 0-8 in. 

Results —Pressure was applied in steps and deflections measured. 
The results are tabulated as follows :— 
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(a) Fixed Plates. 
| Actual Grashof is 
Thickness. Pressure. Deflection. low by 

ins. Ib. sq. in. | in. pA 

| 
0-1 | 130 | 0-00403 3-9 
0-2 560 | 0-00248 15-8 
0-3 1300 | 0-00205 29-8 
0-4 | 2200 | 0-00163 | 37-0 
0-5 2200 0-00094 | 44-0. 
0-6 2200 | 0-000633 52-0 
0-7 2200 0-000446 | 57:2 
0-8 2200 0-00033 61-2 


The fixed plate experiments were followed by a 
similar set for freely-supported plates, thus :— 


(b) Supported Plates. 


Actual Grashof is 
Thickness. | Pressure. Deflection. high or low 
ins. | Ib. sq. in. ins. by %- . 
| 
02 | 400 0-00598 1 3-81 
0-3 800 0-00352 4:55 
0-4 1400 0-00264 2-75 
0-5 | 1400 0-001413 —1:58 
0-6 1600 | 0-000976 —5-74 
0-7 1600 | 0-00065 108 
0-8 j 1600 0-000472 —18-0 


| 


_ Up to the pressures named, the pressure-deflection 


diagrams followed straight-line laws. 
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Conclusions—After carefully considering the differences be- 
tween actual and theoretical deflections it was concluded that for 
thin plates the results are very close, but for thick plates the Grashof 
deflection rule is not applicable. The boundary conditions, even 
for thick plates turned from solid, are not in conformity with the 
assumptions of theory. 


Corrections were made by the investigator for the purpose in 
hand and he then proceeded to consider the use of an over-strained 
plate as a measuring device. 


(iv)—Dr. Laws. 


Three sets of mild steel rectangular plates were tested. 


: Phe | * + 
Size of | Thickness. | Pressure. Maximum | Maximum 


Plate. Plate ! ins. | _ Stress. Deflection. 
| ins. jIb. sq. in. Ib. sq. in. ins. 
(a) | 36 x 14-5 0-244 10-09 11,574 0-0325 
(b) | 36 x145 0-244 =| 13-33 14,970 0-0440 
(c) | 27° x 18-3 | 0-308 10-96 | 7,784 , * 0-0342 
(d) 18-3x 7:3 | 0-308 =| 67-98 13,140 | 9.00717 


E was 29,550,000 Ib. sq. in. for the 36-in. x 14-5-in. plate, and 
26,450,000 Ib. sq. in. for the others. 


The investigator stated that there is no great difference between 
the greater principal stress at the centre of the plate and the maxi- 
mum stress at the middle point of the longer edge. Thus, the 
36-in. x 14-5-in. x 0-244-in. plate under 10-09 Ib. sq. in. pressure 
showed a stress at long edge and centre of 5-167 and 4-93 tons sq. in. 
respectively. This would appear to show that the conditions of 
edge-fixing assumed in theory are not realised in actuality ; which 
is also borne out by the deflection. According to equations (4) 
and (5) the maximum stress at the middle of the long side for plate 
(a) is 7-8 tons. sq. in. with 3-9 tons sq. in. at the plate centre ; 
equation (5b) gives a deflection of 0-0069 in. 


The equalisation of stresses at centre and side, exemplified by 
the above experiments, goes a long way to explain why, in every- 
day life, plates often prove to be safer than they ought to be— 
according to stress calculations. 
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(v)—Dr. Montgomerie. 


Scope—Four mild steel ship plates were tested. The plates 
were clamped in a special frame with the object of securing rigid 
fixing at the plate boundary. Elastic straining, however, took 
place within the frame in which the plates were held to an indefinite 
degree and permitted curvature conditions totally different from 
those implied by the term “fixed ends.’’ 


Results—The maximum stresses and deflections were as 
under :— 


! | | 
Plate Thickness. | Pressure. Max. Stress | Max. Stress | Maximum 
Size | | at edge, at centre, | Deflection. 
ins. | ins. |b. sq. in. tons. sq. in. | tonssq.in. | ins. 
1x1 0015 10 12-2 | 2 | 02035 
| | 
48x24, 0-356 | ~ 420 99 | 10-0 0-163 
| 
48x24 048 80 82 | 910-0896 
48 x24 0-736 | 40 5-1 58 0-0410 
1 


The deflections, when compared with Grashof’s rule—equation 
(3a)—were found to agree, but the stresses did not harmonise, 
Grashof being 70% to 90% too high. This is not surprising, as 
the relative stresses at centre and edge of plate, being practically 
the same—as indicated in above table—show that the conditions 
were not those of a fixed plate. In this respect the results are in 
line with those of Dr. Laws. 


(vi)—Dr. Crawford. 


Scope-—The experiments comprised circular planished steel 
plates, the largest of which was 6-in. diameter x 0-065-in. thick, 
and the smallest 4-in. diameter x 0-067-in. thick; square plates 
varying from 6-in. x 6-in. x 0-069-in. to 4-in. x 4-in. x 0-064-in ; 
rectangular plates from 8-in. x 6-in. x 0.065-in to 5-in. x 4-in x 
0-062-in. 


The object of these experiments was to find out to what extent 
there was agreement between theory and experiment regarding 
deflection, stress, and’ strain of a circular plate; whether Grashof’s 
equation for rectangular plates was near the truth; and whether 
the elastic strength of plates was determined by the maximum 
principal stress or the maximum principal strain. 
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Results.—Typical results are given below :— 


Size of Thickness. | Pressure. Deflection. | Grashof 
Plate. | Deflection. 
ins. | Ib, sq. in. ins. ! ins. 
6" dia. 0-065 | 20 0-034 | 0-0337 
I. aR 0-061 | 20 0-020 | 0:0197 
a” 4s 0-067 20 0-008 | 0-0061 
6” sq. 0-065 | 20 | 0-050 | 0-04997 
ae x 0-055 20 | 0-039 =| (0-039 
” 0-10 20 = 0-008 = (0-006616 
Ae 5, 0-06 \ 20 0-015 | 001254 
8” x4” rect. 0-0615 20 | 0-026 0-02192 
exe” 0-0605 20 0-018 | 0-02043 
a"Kst” 4, 0-0615 | 20 | 0-014 0-01652 


The pressures at which permanent set began were in accordance 
with theory for the square plates; for the rectangular plates 
permanent set took place 50% above theory. Thus for a plate 
8-in. x 4-in. permanent set began at 20 Ib. sq. in., against 13-3 Ib. 
sq. in. by formula. 


A 6-in. diameter mild steel plate, }-in. thick, deflected 0-008 in. 
at 30 Ib. sq. in. and 0-030 in. at 100 Ib. sq. in.; a 6-in. diameter 
mild steel plate +-in. thick deflected 0-003 in. at 50 Ib. sq. in. and 
0-0140 in. at 150 Ib. sq. in. 


Conclusions.—The investigator’s conclusions were :—(1) analy- 
tical formulae for stress, strain, and deflection are correct for 
circular plates ; (2) elastic strength of circular plates is determined 
by the maximum principal strain rather than by the maximum 
principal stress; (3) Grashof’s formulae for maximum stress in 
rectangular plates is low. 


These experiments entailed a great deal of careful work, but, in 
the present author's opinion, much weight cannot be placed on 
them for practical engineering purposes. The plates were very 
small and the material chosen cannot be considered to be altogether 
satisfactory, having regard to the rolling processes by which plan- 
ished steel is manufactured from the slab. Probably there were 
large, initial, internal stresses in the plates. 
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(vii)—Prof. Bach. 


Four mild steel plates were tested, with results as under :— 


Size of Plate. 315 31-5 31-5 315 
31-5 x31-5 * 15-75 x 15-75 
Ins. x 0-33 x 0-66 x 0-339 x 0-65 
(a) Pressure, Ib. sq. in. 341 284 398 | 484 
Total Deflection, ins. 2-24 | 1:256 | 1-106 0-606 
Permanent Sct, ins. 1:97 | 1031 | 0-964 | 0-492 
(v) Pressure, Ib. sq. in. $53 34:14 22-76 | 85-3 
Total Deflection, ins. 0-108 0-063 | 0-0295 | 0-020 
| | 
Permanent Set, ins. 0-0004 0-002 = =0-00059, 00-0012 
| 
(c) Pressure, Ib. sq. in. 8-53 34-14 ' 22-76 | 85-3 
| 
Stress at edge, | | 
Ib. sq. in. 24,478 22,259 12,346 19,429 
Stress at centre, | 
Ib. sq. in. 8,079 8,605 11,933 | 12,274 


The plates were riveted at their perimeters to a cast-iron frame, 
without a cover strap, an attachment which cannot be accepted 
as rigid. To determine the stress, an equation for the measured 
deflection curve was differentiated twice, from which the strain 
was found. The stress was deduced from this. As the axes 
were chosen arbitrarily and did not necessarily coincide with the 
principal axis of curvature at any point, the stress so obtained need 
not be the principal stress. Also the effect of the strain at right 
angles was not given any consideration. 


Fig. 19 shows the fractures resulting from the testing to de- 
struction of a series of cast-iron plates supported at their edges. 
The method of securing the plates is indicated at (f) and (g). The 
dimensions stated on the diagrams are outside dimensions; the 
areas actually supported are 0:5 in. to 1-0 in. less in each direction. 


Fig. 20 illustrates four cast-iron circular plates tested to de- 
struction. Assuming that equation (26)—7.e., f=0-1875 pd?/t2— 
holds right up to the point of failure, the stresses given in the last 
column are obtained ; d@ = diameter of flat in inches. 
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| Dia. of | Thickness Breaking | Maximum 


| Dia. of | Root 
Ref. End. | Radius. Flat. Pressure. Stress. 
No. | ins. | ins. | ins. ins. Ib. sq. in. | Ib. sq. in. 

1 | 26-38 | — | 26-38 | 0-796 185 38,110 

| | | ; 
2 26-61 118 | 24-25 0-678 132 31,660 
3 | 26-46 3-94 18-58 | 0-811 290 28,550 
| | 
4 | 26-38 | 7-48 | 11-42 | 0-885 595 18,580 


Test pieces about 2-375 in. wide, 0-75 in. thick, supported on 
knife edges 20 in. apart, showed a bending stress of 37,300 Ib. sq. in. 
when broken under a concentrated load at mid-length. 


MAX TENSION STRESS 


* PULSATING 
STRESS 


MEAN 
‘STRESS 


PULSATING 
STRESS 


MAX. COMPRESSION 
STRESS 


Fic. 2l 


If plate 4, which has a very large radius, is regarded as being 
simply supported at the boundary of the flat, instead of being 
rigidly held, then f = 0-3125 pd?/é = 31,000 Ib. sq. in., while if 
plate 3 be regarded as midway between the two conditions, then 
f = 0-25 pd2/2 = 38,000. This view, although giving an agreeable 
result, is hardly valid, because the plates actually fractured as 
encastré plates, i.e., not in the middle, but where the flat merges 
into the root radius. When examined after fracture, the metal 
in plate 4 was found to be faulty over large distances. 
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XV.—Mathematical Investigations. 


Many investigations into the stresses and deflections of flat 
plates, loaded in different ways, have been made by mathematicians 
during the last two centuries, the general theory being based on 
the customary assumptions, viz.: plate thickness is small relative 
to the other dimensions; deflection is small relative to thickness ; 
lines originally perpendicular to the middle surface remain per- 
pendicular to it during bending ; absence of stretching of the middle 
surface during bending ; shear stress normal to the face and normal 
stresses across the section have negligible effect upon bending ; 
Hooke’s law is valid. 

As this small book is intended for the guidance of engineering 
designers, mathematical investigations are outside its scope. 


XVI.—Fabricated Constructions. 


Where fabricated steel constructions are used instead of castings, 
ribbing should be eliminated, or at least reduced to the limit. A 
welding ought not to be given a casting-like shape. In fact, it is 
an error of conception to design a fabricated steel plate so that it 
has the appearance of a complicated casting, if only because such 
designs are disproportionately expensive. 


XVII.—Summary of Flat Plate Formulae. 


1. Circular Plate, uniform thickness, encastré : 


3 pat 
16 @¢ 
2. Circular Plate, uniform thickness, simply supported : 
5 pa 
f- 6 @ 


3. Circular Plate, ribbed, encastré. 
No simple rule possible ; refer to text. 


4. Circular Plate, uniform thickness, or ribbed, bolted at cir- 
cumference. 


f = 125 x + | 0-1061 P (15 D—D,) 
5. Circular Plate, ‘“‘box’”’ section, encastré. 


3 pd2T 
Le 16 (T?—T,) 
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6. Circular Plate, ‘“‘box’’ section, bolted at circumference. 


© 


10. 


ibe 


f = 1-25 x = { 01081 P (1-5 D—D,) | 


maximum skin stress in Ib. sq. in. 

diameter of plate in in. 

total pressure on plate in Ib. 

overall depth of plate in in. 

depth of plate, less thickness of discs, in in. 

distance of face of plate or edge of rib from neutral 
axis, in in. 

pressure in lb. sq. in. 

thickness of plate of uniform thickness, in in. 

diameter of pitch line of studs in in. 

diameter of opening in in. 

moment of inertia of plate across diameter, in inch units. 


Voueu i wed 


on 
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Rectangular Plate, uniform thickness, encastré. 
kpb? 11 79 ) 


l= {i+35 0-® + sq ty 


Rectangular Plate, uniform thickness, simply supported. 
3 kpb® | 14 20 


— = (l—f)* 
4P +75 0 A) + = ( ) 


Rectangular Plate, ribbed, encastré. 


faye mes {1 + t-H é ZF ae } 


121, 


Rectangular Plate, ribbed, bolted at perimeter. 


Py 


= 19 
J * 21 


[+020 | 


Rectangular Plate, ‘‘box’’ section, encastré. 


t 11 79 
.—— 2 — (1—k) + —— (1—k)? 
I yt x apie] 1+ 35 ( aa! +} 
Rectangular Plate, “‘box’’ section, simply supported. 
Py 
= 14 D—2 D. 
foe Fy {3 i } 
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f = maximum skin stress in Ib. sq. in. 
p = pressure in Ib, sq. in. 
Z = length of plate in in. 
6 = breadth of plate in in. 
t = thickness of plate in in. 
T = overall depth of plate in in. 
T, = depth of plate, less thickness of discs, in in. 
is 
k= 
a + of 
P = total load on plate, in lb. 
I. = moment of inertia across diagonal, in inch units. 
I, = moment of inertia, parallel to long side, taken right 
across plate at centre or edges, in inch units. 
y = distance of face of plate, or edge of rib, from neutral 
_ axis, in inch units. 
Tables for the Rapid Evaluation of Stresses. 
1.—General Constants. 
Lo tO mM @ 1 wm we 14 
b 17 18 19 20 225 25 2-75 
ke =05 0-594 0-675 0-741 0-793 0-835 0-868 
0-893 0-913 0-929 0-941 0-962 0-975 0-983 
(1—k) = 055 0-405 0-325 0-259 0-207 0-165 0-132 
0-107 0-087 0-071 0-059 0-038 0-025 0-017 
(1—Rk)? = 0-25 0-165 0-106 0-067 0-043 0-027 0-017 
0-011 0-008 0-005 0-003 0-001 0.0006 0-0003 
Il.—Constants for Rigidly-Held Plates. 
ll 79 
Val f tant : & 1 — (1—k ~~ (1—k)® 
alues of Constan «| + 35 ( ) + iat | ) 
l 
— = PO Tl 12 28 14 %15 16 17 
b 18 19 20 2:25 25 275 3 and over 
Const. = 0-649 0-725 0-784 0-829 0-864 0-890 0-911 0-929 


0-942 0-952 0-960 0-975 0-983 0-989 1-000 
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11l.—Constants for Supported Plates. 


2 


14 20 
Value of Constant : k x } 1 + —= (1—&) + = (1—A)? } 
75 57 


L 
7 1-0 1-2 14 16 18 20 25 3-0 


Const. 0-591 0-741 0-837 0-895 0-930 0-954 0-980 1-000 


In applying the values given in Tables II. and III. to the 
respective equations care should be taken that the constant 4, 
outside the bracket, is not again substituted for in the formulae. 
It has already been taken into account in the tables. 
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